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Subdivision surfaces
Basic idea:

I An initial 2-manifold network of vertices, edges and facets -
called control mesh or control polyhedron - is refined by
computing new vertices and joining them up to form a new mesh
with the same connectivity.

I By repeating recursively this operation (if the refinement
construction is suitable), the mesh converges towards a limit
surface.

Main advantage over splines: subdivision naturally handles
meshes of arbitrary topology (i.e. made of any number of quadrilateral
or triangular facets meeting at a vertex).
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... and applications

Catmull-Clark (C-C) subdivision:
- approximating
- local
- C2 almost everywhere
- easy to implement.

I Widely-established in animation, computer graphics,
videogames design, etc.

I Already used in modeling systems (Maya, 3dStudioMax,
Lightwave, etc.).

I Recently introduced in CAD systems (CATIA).
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Subdivision surfaces & CAD

I interpolation

I spline quality
(non-uniform parameterization)

I smoothness (Ck, k ≥ 1)
I polynomial reproduction
I exact reproduction of circular features
I exact evaluation at arbitrary parameter

values
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Interpolatory subdivision in CAD systems

I Interpolation is highly desirable because of its intuitive link
with the starting mesh.

I Achievable through:
I modification of the standard C-C subdivision rules, so that

the limit surface fits the interpolation constraints (Halstead et
al. ’93, Levin ’99, Nasri et al. ’01, Schaefer et al. ’04)

OR

I “natural” interpolation: at each refinement iteration all the
current vertices are retained, becoming points of the limit
surface itself.
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Surface subdivision from curve subdivision
I A spline surface is defined as tensor product of spline curves.

I Also the design of surface subdivision rules often starts from
curve refinement equations.

I INTERPOLATORY 4-pt SUBDIVISION

Given the 4 points pk
i+h, h =−1, ...,2, defined on a grid 2−kZ

I interpolate the data by a function f (x)

I compute pk
i+ 1

2
= f

(
1

2k+1

)
I set pk+1

2i = pk
i

pk+1
2i+1 = pk

i+ 1
2

= ∑
2
h=−1 ak

h+1pk
i+h

I The curve scheme should be:

I local
I non-uniform: to follow closely the behavior of the starting

polyline and modify the shape in a local way
I non-stationary: to reproduce conic sections.
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Subdivision surfaces & CAD

I interpolation
I spline quality

(non-uniform parameterization)
. smoothness (Ck, k ≥ 1)
. polynomial reproduction
. exact reproduction of circular features
. exact evaluation at arbitrary parameter

values
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Interpolatory curve subdivision with spline quality
(B., Casciola, Romani - Tønsberg ’08)

Splines naturally support non-uniform parameterizations!

UNIFORM SPLINE INTERPOLATION NON-UNIFORM SPLINE INTERPOLATION
centripetal parameterization

å Non-uniform parameters improve shape quality and alleviate undesired
ondulations (Floater ’08, Dyn et al. ’07,...).
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Properties of the NULI4++ subdivision
scheme

I non-uniform parameterization

I local support [-3,3]

I C1 smoothness

I polynomials reproduction:

I up to deg-2 starting from non-equispaced samples

I up to deg-3 starting from equispaced samples

I whenever a circular section is present, it is automatically
reproduced; otherwise, the scheme is non-uniform and
centripetally parameterized.
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From curve subdivision to surface subdivision
I Quadrilateral meshes

I Uniform parameterization }refinement equations are the
tensor-product of the corresponding curve
subdivision scheme

I Given the initial net of points
{p0

i,j}(i,j)∈Z2 , we get:
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NULISS++ refinement algorithm

I A couple of parameters

dj = (d0
i,j,δ

0
i,j)

is associated to each edge of
the initial mesh

I For each refinement
iteration k ≥ 1:

1. Retain each vertex point

2. Compute a new edge point for each edge

3. Compute a new face point for each face

4. Create the new mesh

5. Update the edge parameters and assign them to the new
edges

d0
i,j δi,j

0
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NULISS++ refinement algorithm

I A couple of parameters

dj = (d0
i,j,δ

0
i,j)

is associated to each edge of
the initial mesh

I For each refinement
iteration k ≥ 1:

1. Retain each vertex point

2. Compute a new edge point for each edge

3. Compute a new face point for each face

4. Create the new mesh

5. Update the edge parameters and assign them to the new
edges
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dj = (d0
i,j,δ

0
i,j)

is associated to each edge of
the initial mesh
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iteration k ≥ 1:

1. Retain each vertex point

2. Compute a new edge point for each edge

3. Compute a new face point for each face

4. Create the new mesh
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is associated to each edge of
the initial mesh

I For each refinement
iteration k ≥ 1:

1. Retain each vertex point

2. Compute a new edge point for each edge

3. Compute a new face point for each face

4. Create the new mesh

5. Update the edge parameters and assign them to the new
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dj = (d0
i,j,δ

0
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is associated to each edge of
the initial mesh

I For each refinement
iteration k ≥ 1:

1. Retain each vertex point

2. Compute a new edge point for each edge

3. Compute a new face point for each face

4. Create the new mesh

5. Update the edge parameters and assign them to the new
edges
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Taxonomy and parameters setting

I REGULAR VERTICES (n = 4):
the refinement equations are
derived by generalizing the tensor
prouct of the curve scheme

I EXTRAORDINARY VERTICES
(n 6= 4): the refinement equations
are generalized, s. t. they reduce
to the regular case when n = 4.

Parameters to compute the
refinement coefficients:

I EDGE POINTS E: are found on
the edges of the mesh

I FACE POINTS F: are found by
averaging the parameters on
opposite edges in the two
directions

d−1 = 1
n−3 (di +dj +dk + ...)
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Regular vertices

I VERTEX POINTS are interpolated

I EDGE POINTS
E = a0A3 +a1V +a2A1 +a3C1

I FACE POINTS

F = b0(a0B3 +a1A2 +a2B2 +a3E2)

+b1(a0A3 +a1V +a2A1 +a3C1)

+b2(a0B4 +a1A4 +a2B1 +a3D1)

+b3(a0D4 +a1C4 +a2E1 +a3F1)

I When the parameters di are set compatibly with the tensor-product struc-
ture, the surface scheme NULISS++ coincides with the tensor-product of
the NULI4++ curve scheme.

A4

C1A1V

B4

A3
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Some remarks

I the NULISS++ scheme is non-stationary and non-uniform

I after a few subdivision steps, the scheme tends to become

I stationary limk→+∞ δ k
i = 1, ∀i

I uniform
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I after a few subdivision steps, evaluation in quadrilateral,
tensor-product regions can be performed by the corresponding
spline basis
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Subdivision surfaces & CAD
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4 spline quality
(non-uniform parameterization)

4 exact reproduction of circular features

4 polynomial reproduction

4 C1 smoothness in tensor-product
regular regions

4 exact evaluation in tensor-product
regular regions

Future work:
I smoothness in non tensor-product

regions
I evaluation at arbitrary parameter

values
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